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ABSTRACT  
 
 This study presents the peridynamic simulation of thermal cracking behaviour in uranium 
dioxide, UO2 fuel pellets that are used in light water reactors (LWR).  The performance of the 
reactor is influenced by the thermo-mechanical behaviour of the pellets.  During the fission 
process, the pellets are subjected to high temperature gradients, and the oxygen diffusion 
significantly affects the temperature distribution.  Therefore, a coupled analysis of temperature 
and oxygen diffusions and deformation is unavoidable in order to predict accurate cracking 
behavior in a fuel pellet. The accuracy of the predictions is verified qualitatively by comparing 
with the previous studies.  
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1.  Introduction 
 
Nuclear fuel pellets are used to generate heat for power generation as a result of fission process.  
Therefore, it is essential to understand its thermal transport for enhancing power output and 
preventing potential accidents.  Uranium dioxide(UO2) is the main component of the fuel pellet. 
Its composition can have both an excess and deficiency of oxygen relative to stoichiometric UO2 
(Kurepin, 2002). Studies by show that in hyper-stoichiometric Urania (UO2+x), the oxygen ions 
tend to accumulate in the regions of high temperature gradient or the Soret effect (the transport 
of oxygen atoms due to a temperature gradient) (Aitken, 1969 and Ramirez, 2006). It is 
experimentally found that the thermal conductivity of UO2 decreases with temperature (Lucuta et 
al., 1996) and with increasing non-stoichiometry (Amaya et al, 1996). The fuel pellets are placed 
in a cladding and there exists a gap between fuel pellet and the cladding. The cooling water 
passing through the fuel elements extracts heat from the nuclear fuels (Chernatynskiy et al, 
2015).  However, significant microstructural changes and deterioration of the fuel pellet occur 
due to the fission process.  As a result, the degraded physical state of the fuel becomes the 
limiting factor for long term and transient reactor performance (Brutzel et al. 2015). 
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As the fuel temperature increases, radial cracks occur and propagate towards the center of fuel 
pellet.  Also, circumferential crack patterns develop during a steady-state operation.  Cracking 
patterns significantly affect the fuel thermal conductivity and neutron diffusion coefficient.  
Therefore, it influences the overall pellet thermal expansion; thus, the gap closure occurs 
between the pellet and clad. Moreover, the oxygen diffusion affects the thermal conductivity 
which leads to an increase in temperature. Hence, the analysis of fuel pellet behavior requires a 
fully coupled consideration of thermal diffusion, oxygen diffusion, deformation and cracking 
process.  
 
The Finite Element Method (FEM) has been extensively used by Ito et al. (1983), Lassmann 
(1992), Berna et al. (1997) and Gates et al. (1998) while disregarding the coupling of multi-
physics modeling and crack propagation in fuel pellets.  Also, they simulated the fuel rod 
behavior in the radial direction under axisymmetric assumptions.  Furthermore, Ramirez et al. 
(2006) performed finite element simulations to couple heat and oxygen diffusion for UO2 fuel 
rods in one-dimensional (radial) configurations by using COMSOL Multiphysics, a 
commercially available software.  Their study revealed the influence of oxygen on thermal 
conductivity which significantly increases the maximum temperature in a fuel rod.  Newman et 
al. (2009) coupled thermomechanics with heat and oxygen diffusion in UO2 fuel rods.  They 
coupled the governing equations through the material properties that are functions of density, 
temperature and oxygen concentration, and investigated the opening of a pre-determined crack in 
a fuel rod due to thermal expansion.  Mihaila et al. (2009) studied the coupling of 
thermomechanics with heat and oxygen diffusion in UO2 fuel elements by using COMSOL 
Multiphysics.  In their study, they presented one-dimensional simulations; thus, it did not include 
crack propagation in fuel pellets.  
 
Williamson and Knoll (2009) simulated the discrete dynamic fracturing of nuclear fuel by using 
cohesive zone elements under thermomechanical loads.  The cohesive surfaces are placed along 
the potential crack paths, and the cohesive crack initiation is triggered at locations where the 
maximum principal stress reaches the fracture strength.  Williamson (2011) also tested smeared 
cracking approximation of pellets and compared with discrete fuel pellet analysis.  This study 
revealed that smeared pellet simulation predicts slightly higher temperatures and delay in gap 
closure.   
 
Rashid et al. (2011) performed a two-dimensional finite element analysis to predict thermal, 
mechanical and chemical behavior of a fuel rod during irradiation by assuming a predetermined 
crack location. Williamson et al. (2012) performed a multi-dimensional multi-physics finite 
element analysis of nuclear fuel pellets by including fracture via relocation and smeared crack 
models.  Recently, Sercombe et al. (2016) used FEM to simulate hydride blister cracking in fuel 
pellets.  When a pre-determined hoop stress is exceeded at the clad outer surface, a radial 
cracking of the blister is introduced in the simulation by modifying the boundary conditions.   
 
Majority of the aforementioned FE models introduced cracks at a priori known crack paths.  
However, such paths are not available prior to the analysis.  The presence of stress singularity at 
the crack tips and material heterogeneity introduce additional challenges in predicting crack 
initiation sites.  By using Discrete Element Method (DEM), Huang et al. (2014) removed these 
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challenges, and simulated thermally driven randomly initiated cracks in fuel pellets.  They were 
able to predict radial and circumferential cracks in a fuel pellet. 
 
Alternative to DEM is the peridynamic theory which is based on the integral-differential 
equations and free of spatial derivatives (Silling, 2000).  Although its governing equations are 
solved numerically through discretization, it is based on the assumptions of  nonlocal continuum 
mechanics.  Also, it enables crack nucleation and propagation without an external failure criteria.  
Mella and Wenman (2015) predicted the fracture behavior of a pellet for specified (pre-
computed) temperature profiles by using peridynamics.  The present study also employs 
peridynamics to predict cracking in a fuel pellet while considering the fully coupled field 
equations of heat and oxygen diffusion and mechanical deformations.  The material properties 
are dependent on temperature and oxygen concentration. The accuracy of the predictions is 
verified both quantitatively and qualitatively by comparing with the previous studies and finite 
element analysis prediction. 
 
 
2. Pellet thermomechanical model 
 
 The peridynamic equation of motion was introduced by Silling (2000) as 
 
      ( , ) , , ,
H
C t dV tU c c c4    ³u x f x x u u b x  (1) 
 
where  , tu x  and  , tb x  represent the displacement and body force density vectors at material 
point, x .  The force density vector including the thermal effects is suggested by Kilic and 
Madenci (2010a) as 
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where 4  and C  represent temperature and oxygen concentration, respectively.  The stretch 
between two material points x  and cx  is defined as 
 
 
   
s
c c c     c 
x u x u x x
x x
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The material parameter c  is derived by Gerstle et al. (2005) as a function of elastic modulus, E , 
thickness, h  and horizon size, G  as 39Ec hS G  for 2D and 4
12E
c SG  for 3D, and D  is the 
coefficient of thermal expansion.  The mean value of the change in temperatures, avgT  at material 
points x  and cx , is defined as 
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T
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 (4) 
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in which 4  and c4  represent the temperature at material points x  and cx , 04  represents the 
reference temperature. 
 
Failure process begins when the stretch between the two material points, x  and cx  exceeds a 
critical stretch value, crs .  The critical stretch value can be obtained from the critical energy 
release rate of the material, cG  as (Silling and Askari, 2005)  
 
 
3
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G
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Damage initiation is included in the PD equation of motion, Eq. (1a) by introducing a history-
dependent status parameter P  (Silling and Askari, 2005) as 
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where 
   1,
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t
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Local damage at material points, x  is defined as the ratio of removed interactions to total 
number of its interactions within its horizon (Silling and Askari, 2005).  It is expressed as 
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It has a value between 0 and 1. There is no damage for 0M   while 1M   denotes that all the 
interactions are removed.  
 
3. Pellet heat conduction model 
 Inside the pellet, it is assumed that fission reaction creates uniformly distributed heat 
generation (Ramirez et al., 2006; Newman et al., 2009; Huang et al., 2014).  The heat equation 
inside the pellet can be expressed as  
 
 
2( ) ( ) ( , )pc k C QtU
w44 4  4  4w  (9) 
 
where 4  is the temperature, ( )U 4  is the density, ( , )k C4  is the thermal conductivity , ( )pc 4  is 
the specific heat and Q  is the volumetric heat source of the pellet. 
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The parameter, C  denotes the oxygen concentration.  As shown by Oterkus et al. (2014), the PD 
form of heat conduction model can be derived as 
 
    ( ) ( ) , , , , ,p THc f t dV Q ttU c
w4 c c4 4  4 4 w ³ xx x x  (10) 
 
where Tf  is the thermal response function that governs the interaction between material points x  
and cx .  It is derived as 
 
      ', ,, , , , ( , )T T t tf t CN c4 4c c4 4  4 c
x x
x x
x x
 (11) 
 
in which TN  is a PD material parameter, and referred to as the micro-conductivity.  Depending 
on the analysis dimension, it can be expressed in terms of thermal conductivity k , thickness, h  
and horizon size G  as 36T khN S G  for 2D and 4
6
T
kN SG  for 3D. 
 
 
4. Pellet oxygen diffusion model 
 
The oxygen diffusion in fuel pellets is governed by (Newman et al., 2009)  
 
 
0C
t
w   w J  (12) 
 
where C  is the oxygen concentration and J  is the oxygen flux.  The oxygen diffusion flux is 
defined as  
 
 C T J J J  (13b) 
 
in which 
 
 
( )C D C  4 J  (13c) 
 
and 
 
 
*
2
( ) ( )
( )T
D Q C C
F C R
4  44J  (13d) 
 
In these equations, ( )D 4
 
is the diffusivity of UO2, *( )Q C is the heat of transport of oxygen 
(J/mol) , ( )F C  is the nondimensional thermodynamic factor of oxygen and R  is the universal 
gas constant.  In Eq. 13b TJ  is the Soret flux representing the flux of oxygen due to temperature 
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gradient, and CJ  is the Fickian flux representing the flux of oxygen due to concentration 
gradient. These fluxes are responsible for the variation of oxygen concentration in the fuel pellet.  
The heat of transport of oxygen, *( )Q C  determines the direction and the degree of the 
segregation.  It is negative and the ions tend to accumulate in the regions of high temperature 
gradient (Janek and Timm, 1998, Ramirez et al., 2006). The factor ( )F C  relates the change in 
composition with a change in the oxygen activity (Janek and Timm, 1998). 
 
The corresponding PD form of the diffusion flux can be written as (Madenci and Oterkus, 2016)  
 
  1 , , , , ( )
2C DCH
f C C t dV cc c c  ³ xJ x x x x  (14a) 
and 
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C Q C f t dV
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where DCf  and DTf  are the response functions that govern the oxygen diffusion transfer due to 
concentration gradient and temperature gradient, respectively, as 
 
      ', ,, , , ,DC DC C t C tf t N c c c4 4  c
x x
x x
x x
 (15a) 
 
and 
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x x
x x
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 (15b) 
 
where DCf  and DTf  are the response functions that govern the oxygen diffusion transfer due to 
concentration gradient and temperature gradient, respectively. 
 
In Eq. (14b), the parameters aveC  and ave4  are defined as 
 
 
2ave
C CC c 
 (16a) 
 
and 
 
 
2ave
c4 44  
 (16b) 
 
As derived in the appendix, the PD form of the oxygen diffusion in fuel pellets can be expressed 
as 
7 
 
 
          , , , ,2 J x x y yHC x x y yJ t J t J t J t dVt N c
§ ·c cw  c c c c   ¨ ¸¨ ¸c cw  © ¹³ xx x x xx x x x  (17) 
 
with the parameter JN  which can be expressed as a function of thickness, h  and horizon size G  
such as 3
6
J h
N S G  for 2D and 4
6
JN SG  for 3D. 
 
 
5. Numerical results  
 
Numerical results demonstrate the capability of peridynamics for crack nucleation at multiple 
sites and their simultaneous complex growth patterns. Prior to the prediction of cracking, the 
accuracy of this approach is established by comparison with finite element analysis predictions 
in the absence of cracking.  As part of verification, the fuel pellet is subjected to: a constant heat 
source in the absence of oxygen diffusion, a constant heat source in the presence of oxygen 
diffusion, and a constant heat source in the absence of oxygen diffusion while allowing for 
mechanical deformation.  As part of demonstration, the crack nucleation and its propagation is 
allowed in the fuel pellet due to: a constant heat source in the absence of oxygen diffusion, a 
varying heat source in the absence of oxygen diffusion, and a varying heat source in the presence 
of oxygen diffusion. 
 
The nuclear fuels are operated on the order of days and months. However, the predictions are 
based on very short computational time to demonstrate the capability. The realistic time 
consideration will certainly change the temperature variation in time.  The mechanical 
deformations and cracking are predicted through a one-way coupling due to the temperature field 
at a specific time (Ramirez et al. 2006).  Although, the peridynamic form of the 
thermomechanical equation includes the inertial term, the quasi-static solution is obtained by 
using Adaptive Dynamic Relaxation (ADR) method (Kilic and Madenci, 2010b).  Time 
integration is achieved by using explicit time integration for the solution of heat and oxygen 
concentration.   
 
The PD model for the fuel pellet is shown in Fig. 1.  The radius of the pellet is specified as
34.3 10 mpr
 u .  The model domain is discretized with 52213 material points. In the case of a 
constant heat source and oxygen concentration, they are specified as 0.01oC   and 
8 32 10 W/mQ  u
 to represent the fusion reaction (Ramirez et al, 2006). The reference 
temperature and the outer surface temperature of the pellet are assumed as 0 273 K4   and 
*( , ) 810 Kpr t4  , respectively.  It is initially at ( , 0) 810 Kr t4   , and the outer boundary is 
stress free.   
 
In the case of varying heat source, the heat source distribution is specified as  
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8
3
38
2 10 (W/m ) , 4.5
4.5 (W/m ) , 9 4.52 10 (1 )
4.5
t sQ t
s t s
­ u ° ®  ! !u °¯
 (18) 
 
In the case of oxygen diffusion, its initial value is ( , 0) 0.01oC r t C    with a specified value 
on the pellet boundary as *( , ) 0.02pC r t C  .  
 
The heterogeneity of the material properties are represented by using Gaussian distribution. As 
shown in Fig. 2, the randomized factors for elastic modulus are generated from a Gaussian 
distribution with a mean value of 1P   and a standard deviation of 0.1V  .  These randomized 
values represent the inhomogeneity in the real material.  The critical stretch, crs  is also 
randomized by using the Gaussian distribution with a mean value of 0.001P   and standard 
deviation of 0.1V  .  When the interaction between the two material points is removed, it is 
assumed that no heat transfer occurs between them. 
 
 
(a)                                                        (b) 
Fig. 1. Fuel Pellet (a) Geometry (b) PD model 
 
 
 
Fig. 2. Randomized factors for elastic modulus and critical stretch. 
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The material and physical properties of the UO2 fuel pellet are specified according to Newman et 
al. (2009).  The elastic modulus, ( , )E C 4  and thermal expansion coefficient, ( )D 4  are specified 
as 
 
        11 4, 2.0128416 10 1 1.0915 10 exp 1.75 PaE C C4  u  u 4   (19) 
 
and 
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and 
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The specific heat, ( )pc 4 , density ( )U 4  and thermal conductivity ( , )k C 4  are specified as  
 
   oJ264.256 0.047 kg Kpc
§ ·4   4 ¨ ¸© ¹  (21) 
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C
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where 
 
      4, 3.67exp 4.73 10 2 oC CT O4   u 4 4  (23b) 
 
and 
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The diffusivity, ( )D 4 , heat of transport of oxygen, *( )Q C  and the thermodynamic factor of 
oxygen, ( )F C  are specified as 
 
   216400 cm2.5exp
s
D
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 (24) 
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The prescribed boundary values of temperature and oxygen concentration are imposed through a 
fictitious region, f  as (Oterkus and Madenci, 2015)  
 
 
 
* *( , ) 2 ( , ) (r, )f fr t t r t t t4 '  4 ' 4  (27a) 
 
* *( , ) 2 ( , ) (r, )f fC r t t C r t t C t'  '   (27b) 
 
with 
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* ,  ,  f fr r r    (27c) 
 
5.1 Heat diffusion in a pellet in the absence of oxygen diffusion 
In the absence of cracking, the temperature distribution inside the fuel pellet is investigated due 
to only a constant heat source of 8 32 10 W/mQ  u  to represent the fusion reaction (Ramirez et 
al, 2006).  Fig. 3 shows the steady-state temperature distribution predicted by the peridynamic 
simulation against the finite element predictions using ANSYS, a commercially available 
software.  The results are in close agreement with each other. 
 
 
 
  (a) (b) 
 
Fig. 3. Temperature distribution in the fuel pellet ( K ): (a) PD and (b) ANSYS solutions. 
 
 
5.2 Heat diffusion in a pellet in the presence of oxygen diffusion 
In the absence of cracking, the effect of oxygen diffusion on temperature distribution is 
investigated.  Fig. 4 shows the temperature distribution for uniform oxygen concentration and 
with oxygen diffusion. Since the thermal conductivity decreases with increasing oxygen 
concentration, higher temperature gradients develop due to oxygen diffusion. These results agree 
well with those reported by (Ramirez et al., 2006).  
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                             (a)                                                            (b) 
 
Fig. 4. Temperature distribution ( K ) in the fuel pellet: a) uniform oxygen concentration and b) 
oxygen diffusion 
 
 
5.3 Thermomechanical analysis of fuel pellet 
In the absence of cracking, the effect of temperature distribution on fuel pellet deformation is 
investigated for a constant heat source and a constant oxygen concentration. The results are 
compared with the ANSYS predictions. The displacement fields are shown in Figs. 5-6.  Due to 
the thermal loading, the pellet expands in radial direction. The predictions are in close agreement 
indicating the accuracy of PD thermomechanical model. 
 
 
  
                         (a)                                                                (b) 
 
Fig. 5. Vertical displacement ( m ): a) PD and b) ANSYS solutions 
 
 
13 
 
  
 
                       (a)                                                            (b) 
 
Fig. 6. Horizontal displacement ( m ): a) PD and b) ANSYS solutions 
 
 
5.4 Cracking in a fuel pellet due to constant heat source in the absence of oxygen diffusion 
 As the temperature increases, stronger temperature gradients develop in the pellet (Figs. 7-
11). Since higher temperatures develop at the core of the pellet, the center is under compression 
and the outer region is under tensile stress.  Due to this stress distribution, radial cracks emerge 
at the outer region of the pellet. The damage plots and the corresponding temperature profiles at 
different times are shown in Figs. 7-11.  As the temperature increases, radial cracks start to 
occur. The cracks grow towards the center as time progresses. As the cracks propagate, 
discontinues temperature distributions are observed due the presence of cracks.  As expected, the 
crack pattern affects the temperature profile and the temperature profile affects the mechanical 
deformation.  During the simulation four dominant cracks are observed, and they all grow 
radially. These crack patterns are similar to those obtained by Huang et al. (2014).   
 
 
 
 
Fig. 7. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 1.8t s  
14 
 
 
 
 
 
Fig. 8. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 2.7t s  
 
 
  
Fig. 9. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 3.6t s  
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Fig. 10. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 4.5t s  
 
  
Fig. 11. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 45t s  
 
 
5.5 Cracking in a fuel pellet due to varying heat source in the absence of oxygen diffusion 
 
The varying heat source distribution is specified as given in Eq. (18). It is representative of 
declining power. It is initially held constant and it is decreased to zero value. When the source 
distribution is constant, radial cracks emerge as in the previous example. However, additional 
circumferential cracks emerge as shown in Figs. 12-16 for decreasing heat source.  Such 
circumferential crack pattern is also observed by Huang et al. (2014) during the power down 
period. The predicted crack patterns and temperature distributions are shown in Figs. 12-16. As 
the heat source decreases, the temperature also decrease. It is also worth noting that four 
dominant radial cracks merge during the cooling down process. 
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Fig. 12. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 5.4t s  
 
  
Fig. 13. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 6.3t s  
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Fig. 14. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 7.2t s  
 
 
  
Fig. 15. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 8.1t s  
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Fig. 16. PD crack initiation and propagation paths, and the corresponding temperature in the fuel 
pellet at 9t s  
 
 
5.6 Cracking in a fuel pellet due to varying heat source in the presence of oxygen diffusion 
The combined effect of oxygen and temperature diffusion on fuel pellet cracking is shown in Fig. 
17. In comparison to the previous problem, it is observed that the crack growth rate is faster due 
to the increasing temperature caused by the oxygen diffusion.  Also, additional small cracks 
emerge during the initial constant heat source process.  Although qualitative, these crack growth 
patterns are similar to the experimental observations published by Michel et al. (2008) as shown 
in Fig. 18. 
 
 
 
(a)  (b)  
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(c)  (d)  
(e)  
 
Fig. 17. PD crack initiation and propagation paths in the fuel pellet at  a) 5.4t s b) 6.3t s c) 
7.2t s 
 d) 8.1t s  e) 9t s . 
 
 
 
Fig. 18. Experimentally observed fuel pellet cracking by Michel et al. (2008)  
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6. Concluding remarks 
 
 In this study, thermo-mechanical behavior of fuel pellets is investigated by coupling thermal 
diffusion, oxygen diffusion and the mechanical deformation.  It is evident that both thermal 
diffusion and oxygen diffusion have an effect on the pellet deformation and pellet cracking 
behavior.  The thermal conductivity of the fuel pellet decreases with increasing oxygen 
concentration. This creates higher temperature profiles at the center. Due to the Soret effect, the 
increase in temperature gradient also leads to oxygen diffusion towards the center.  Higher 
temperatures at the center creates compressive stress at the center, and tensile stress at the outer 
part of the pellet. As a result, radial cracks initiate and propagate towards the center. 
Circumferential cracks are also observed due to power down period. It is also observed that 
oxygen diffusion causes the pellet temperature to increase, and as a result the crack growth rate 
becomes faster. The PD model successfully captures the expected cracking behavior.  The 
present PD modeling is also applicable for 3-D analysis to capture the longitudinal cracks in the 
fuel pellet in addition to the radial and circumferential cracks.  The effect of temperature on the 
critical energy release rate of the material is disregarded.  As a future work the interaction 
between the pellet and the cladding; and the effect of temperature on critical energy release rate 
can be included. 
 
Appendix 
 
In classical form, the oxygen flux due to concentration gradient is represented as 
 
 C D C  J  (28) 
 
As derived by Madenci and Oterkus (2016), the corresponding PD form of the diffusion flux can 
be represented as  
 
  1 , , , , ( )
2C DCH
f C C t dV cc c c  ³ xJ x x x x  (29) 
 
with 
 
      ', ,, , , ,DC DC C t C tf t N c c c4 4  c
x x
x x
x x
 (30) 
 
with the parameter DCN  which can be expressed as a function of thickness, h  and horizon size G  
such as 3
6
DC
D
h
N S G  for 2D and 4
6
DC
DN SG  for 3D.   
 
The PD form of the Fickian flux, CJ  representing the flux of oxygen due to concentration 
gradient can be written as  
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3
', ,1 6 ( )
2C H
C t C tD dV
hS G c
c  c  c³ xx xJ x xx x  for 2D (31a) 
 
 
   
4
', ,1 6 ( )
2C H
C t C tD dVSG c
c  c  c³ xx xJ x xx x  for 3D (31b) 
 
By comparing Eqs. (28 1) and (29 2), it is evident the gradient of a scalar can be represented as 
 
 
   ', ,1 ( )
2 J H
C t C t
C dVN cc  c  c³ xx x x xx x  (32) 
 
with 3
6
J h
N S G  for 2D and 4
6
JN SG  for 3D.  The components of this gradient can expressed as  
 
     1 ( )', ,
2 J H
C x xC t C t dV
x
N ccw c  cw ³ xx x x x  (33a) 
 
    1 ( )', ,
2 J H
C y yC t C t dV
y
N ccw c  cw ³ xx x x x  (33b) 
 
The classical form of the oxygen diffusion is of the form 
 
0C
t
w   w J  (34a) 
 
or 
 
 x y z
C J J J
t x y z
w w w w   w w w w  (34b) 
 
Its PD form can be expressed as  
 
    
    
1
, ,
2
1
, ,
2
J x xH
J y yH
C x xJ t J t dV
t
y yJ t J t dV
N
N
c
c
§ ·cw  c c ¨ ¸¨ ¸cw © ¹
§ ·c c c ¨ ¸¨ ¸c © ¹
³
³
x
x
x x
x x
x x
x x
      for 2D   (35a) 
 
and 
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1
, ,
2
1
, ,
2
1
, ,
2
J x xH
J y yH
J z zH
C x xJ t J t dV
t
y yJ t J t dV
z zJ t J t dV
N
N
N
c
c
c
§ ·cw  c c ¨ ¸¨ ¸cw © ¹
§ ·c c c ¨ ¸¨ ¸c © ¹
§ ·c c c ¨ ¸¨ ¸c © ¹
³
³
³
x
x
x
x x
x x
x x
x x
x x
x x
      for 3D   (35a) 
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